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AND LATERAL VON KARMAN TURBULENCE SPECTRA 

SUMMARY 

The longi tudinal  and l a t e r a l  von Karman turbulence spec t ra  a r e  
in tegra ted  over the  domain LG < La < coy where L is the  i n t e g r a l  s c a l e  
of turbulence, R is  a wave number and is  a cut -off  wave number which 
defines the lower bound of in tegra t ion .  The in teg ra t ion  procedure con- 
sis ts of expanding the  spec t ra  i n  Maclaurin s e r i e s  and in teg ra t ing  the  
r e s u l t i n g  s e r i e s  term by term t o  y ie ld  tables  of au/a and a l o  a s  func- 
t ions  of L&, where o, and a, a r e  the  cont r ibut ions  t o  the  Tongitudinal 
and l a t e r a l  devia t ions  of turbulence from the  Fourier components i n  the  
wave number domain & 5 fi 5 oo. The t o t a l  longi tudinal  and l a t e r a l  
s tandard deviat ions a r e  both equal t o  o which is obtained by s e t t i n g  
Q = 0. The t ab les  provide values of ou/a and aw/a f o r  s LG s lo6. 
A sample c a l c u l a t i o n  i s  provided t o  a i d  the  user.  

I. INTRODUCTION 

Various inves t iga to r s  have found t h a t  the  von Karman spectrum of 
turbulence appears t o  be an adequate representa t ion  of c l e a r  a i r  turbu- 
lence [ I ] .  

The longi tudinal  and l a t e r a l  spec t ra ,  @,(fi,L) and %(n,L) a t  wave 
number R, a r e  

and 



where L is t h e  i n t e g r a l  s c a l e  of tu rbulence  and a2 is t h e  va r i ance  of 
turbulence.  I n t e g r a t i o n  of (1) and (2) over t he  domain 0 5 R < 00 w i l l  
y i e l d  a2. The cons t an t  a is def ined  as* 

The con t r ibu t ions  t o  t he  long i tud ina l  and l a t e r a l  var iances  a: and 
a; f o r  R > Rc a r e  given by 

and 

where Qc is a  cu t -of f  wave number. Often t h e  me teo ro log i s t  and engineer  
r e q u i r e  values of t hese  i n t e g r a l s  f o r  var ious  va lues  of Qc. The purpose 
of t h i s  r e p o r t  is t o  provide t a b u l a r  values of a, and ow f o r  var ious  
values of Qc. 

I would l i k e  t o  acknowledge t h e  he lp  of D r .  George H. F i c h t l  of t h e  
Aerospace Environment Div is ion  a t  t h e  George C. Marshal l  Space F l i g h t  
Center i n  formulat ing t h e  idea  f o r  t h i s  r e p o r t  and thank him f o r  h i s  
numerous suggest ions and our f requent  d i scuss ions .  I would a l s o  l i k e  t o  
thank Mrs. E l l a  Mae McAl l i s te r  of t h e  Marshall  c e n t e r ' s  Computation 
Laboratory f o r  h e r  he lp  i n  "debugging" t h e  computer program. 

* 
The e s t ab l i shed  va lue  of t h e  parameter a is 1.339 whi le  t he  va lue  of 

a t o  t h e  nine-decimal p l ace  accuracy used i n  t h i s  t a b l e  is 1.338985279. 



11. MATHEMATICAL CONS IDERATIONS 

It is  useful  t o  def ine  the  new v a r i a b l e  

x = m. 

This transformation permits the  expression of ( 4 )  and ( 5 )  a s  

- m 

X 
C 

and 

where 

It is not  poss ib le  t o  evaluate the  i n t e g r a l s  ( 7 )  and ( 8 )  i n  closed form. 
Accordingly, these  i n t e g r a l s  were evaluated by s e r i e s  expansion. 

When axc > 1 the  following expansions a r e  va l id :  

and 



The s e r i e s  were obtained by expanding the  denominators of t h e  
i n t e g r a l s  i n  (7) and (8) w i th  Maclaurin s e r i e s  i n  terms of t h e  
v a r i a b l e  (ax)'2 and then i n t e g r a t i n g  term by term. 

I f  axc < 1, we have t h e  expansions 

and 

I n  t h i s  c a s e  t h e  s e r i e s  were obtained by expanding t h e  denominators of 
t h e  in tegrands  i n  (7) and (8) w i th  Maclaurin s e r i e s  i n  terms of t h e  
v a r i a b l e  (ax)2 and aga in  i n t e g r a t i n g  term by term. 

The s e r i e s  g iven  by (10) and (11) a r e  a b s o l u t e l y  convergent f o r  
axc > 1, whi le  t he  s e r i e s  g iven  by (12) and (13) a r e  a b s o l u t e l y  con- 
vergent  f o r  axc < 1. I n  both cases  t h e  s e r i e s  a r e  d ive rgen t  a t  axc = 1.  

111. THE TABLES 

The t a b l e s  t h a t  fol low g i v e  numerical values of t h e  normalized 
s tandard  dev ia t ions  au / a  and aw/a as func t ions  of L&. I n  a d d i t i o n ,  
t h e  number of terms K t h a t  were used i n  t he  t runca ted  ve r s ion  of (10) 
through (13) t o  g i v e  e i g h t  p l ace  accu rac i e s  i n  t h e  normalized s tandard  
dev ia t ions  a r e  g iven  i n  t h e  t a b l e s .  I n  t h e  neighborhood of xc = a'' z 
0.747 a  r e l a t i v e l y  l a r g e  number of terms a r e  needed t o  produce e i g h t  
p l ace  accu rac i e s  i n  ou/o and aw/o. For LQc r 2.5 x lo4, only one term 
is  r equ i r ed ,  whi le  f o r  LQc S 4.9 x t h r e e  terms a r e  requi red .  



The q u a n t i t i e s  au/o, a,/o, and LRc a r e  dimensionless with the  
r e s t r i c t i o n  t h a t  Rc has the  un i t s  of radians per un i t  length. Thus, 
the  user can enter  the  tables  with e i t h e r  English o r  metric uni ts .  
P lo ts  of ou/o and aw/o a s  functions of LOc a r e  given i n  Figure 1. 

IV. SAMPLE CALCULATION 

Let us suppose tha t  we d e s i r e  the contr ibut ions  t o  t h e  longitudinal  
and l a t e r a l  variances of turbulence from the  Fourier  components with 
wavelengths A i n  the  in te rva l  0.01a km 5 h 5 n: km i n  a turbulent  flow 
with L  = 1 km and a  = 0.5 m see"'. Now R = 2n:/h, s o  tha t  2  r LR 5 200. 
The normalized variances i n  t h i s  in te rva l  a r e  

The square roots  of in tegra l s  on the  right-hand s i d e  of these  equations 
a r e  given i n  the  tables  (see eqs. (7) and (8)) ,  s o  t h a t  the  normalized 
variances a r e  

and 

a2 
= (0.685825187)~ - (0.151284166)~, 7 

a2 
u  

a2 
= 0.342625258 and W 

7 7 = 0.447469288. 



Mul t ip l i ca t ion  of these  q u a n t i t i e s  by a" = 0.25 m sec-' y i e lds  the  
desired cont r ibut ions  t o  t h e  longi tudinal  and l a t e r a l  variances,  namely, 
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